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LOCALIZATION PROPERTIES OF HIGHLY SINGULAR 
GENERALIZED FUNCTIONS 

A. G. Smirnov* 


We study the localization properties of generalized functions defined on a broad class of spaces of entire 
analytic test functions. This class, which includes all Ge.lfa.nd Shilov spaces Sa(R k ) with /3 < 1, provides 
a convenient language for describing quantum fields with a highly singular infrared behavior. We show 
that the carrier cone notion, which replaces the support notion, can be correctly defined for the considered 
analytic functionals. In particular, we prove that each functional has a uniquely determined minimal 
carrier cone. 

Keywords: generalized function, analytic functional, infrared singularity, carrier cone, plurisubharmonic 
function, Hormander’s L 2 estimates. 

1. Introduction 

In this paper, we study the localization properties of generalized functions defined on spaces of entire 
analytic test functions. The usual definition of the support of a generalized function is inapplicable in this 
case because of the lack of test functions with compact support (this difficulty is well known in the theory 
of hyperfunctions, where real-analytic test functions are used; see, e.g., Chap. 9 in W)- The problem of 
finding a reasonable substitute for the support notion is important for extending the Wightman axiomatic 
approach to quantum gauge theory. Because of severe infrared singularities, gauge fields are generally well 
defined only under smearing with entire analytic functions in the momentum space (for example, this is 
the case for the Schwinger model in an arbitrary a-gauge 0) and can therefore be treated neither in the 
original Wightman framework [3j using tempered distributions nor in a more general framework [4] based 
on Fourier hyperfunctions. This produces the problem of generalizing the spectral condition [5], whose 
standard formulation in terms of vacuum expectations relies heavily on the notion of the support of a 
generalized function 

The localization properties of functionals defined on the Gelfand-Shilov spaces S% with /3 < 1 were 
studied in 00 (see [8] for the definition and properties of ; if (3 < 1, then consists of entire analytic 
functions). It was shown that a carrier cone notion, which replaces the support notion, can be introduced 
consistently for such functionals. In particular, it was proved that each element of S'£( K. fc ) (the topological 
dual of S@( K. fe )) has a uniquely determined minimal carrier cone. Here, we extend the results in 017] to a 
broader class of test function spaces previously used to analyze the spectral properties of sums of infinite 
series in Wick powers of indefinite-metric free fields [9]. This class is defined as follows. 

Definition 1. Let a(s) and /3(s) be unbounded continuous monotonically increasing functions on the 
semiaxis s > 0. Let (3 be convex, and let there be a constant x > 0 such that the function a(s)/s* is 
nondecreasing for sufficiently large s. For any A, B > 0, £f’f(R fe ) denotes the Banach space of all entire 
analytic functions on C fc with the finite norm 

sup |/(.)|“(l*MI)-/3(B|y|). 

z=x-\-iy£C k 
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The space £@ (R fe ) is defined as the union |J 4 B>0 £^'^(R k ) endowed with the inductive limit topology. 

For definiteness, we everywhere assume that the norm | • | on C fc is uniform: \z\ = maxi <j<k \ z j\- For 
convex a, the spaces £@ coincide with the spaces of type W described in Chap. 1 in [TO]- If ct(s) = s 1 * ^ 
and (3{s) = v < 1, then £@ (M fc ) = 5^(K fc ) (to avoid confusion, we use S ” instead of the standard 

S%). We call a cone W a conic neighborhood of a cone U if W has an open projectior@ and contains U. To 
define carrier cones, in addition to (R fc ), we introduce similar spaces associated with cones in 

Definition 2. Let U be a nonempty cone in R fc and a and /3 satisfy the conditions in Definition ffl For 
any A,B > 0, £^'^(U) denotes the Banach space of all entire analytic functions on C k with the finite norm 

\\f\\u,A,B = sup \f(z)\e~ PU ’ A ’ B ^ Z \ 
zec k 

where 

Pu,a,b{ x + iy) = -a(\x/A\) + P(B\y\) + f3(B5u(x)) ( 1 ) 

and Su(x) = 'mi x 'eu \x — x'\ is the distance from x to U. The space ([/) is defined by the relation 
£a(U) = Ua,B> 0,WDU ^a,A (W), where W ranges all conic neighborhoods of U and the union is endowed 
with the inductive limit topology. 

If U = R fc , then Definition [2] is equivalent to Definition [I] Hereafter, we assume that all considered 
cones are nonempty. A closed cone K is called a carrier cone of a functional u G £'£{R k ) if u has a 
continuous extension to the space £^(K). Our main result in this paper is the following theorem. 

Theorem 1. Let the functions a and (3 satisfy the conditions in Definition [H If the space £^(M. k ) is 
nontrivial (i.e., contains nonzero functions), then the following statements hold: 

1. The space £^(M. k ) is dense in £%(U) for any cone U C 

2. If A'i and I\ 2 are closed cones in R fc , then for any u G (R fc ) carried by K\ U K 2 , there exist 
u 1,2 € £'J* (R fc ) carried by A' 1,2 such that u = u\ + « 2 - 

3. If both A'i and I< 2 are carrier cones of u G then so is K\ fl K‘i- 

We note that analogous results for Gelfand-Shilov spaces S” were proved differently for v = 0 and 
0 < v < 1 in m, Ezi- Our approach here allows treating both these cases the same. 

Statement 1 in Theorem [H shows that the space of the functionals with the carrier cone K is naturally 
identified with the space £'£{K). By Definition [21 we have 

£?{K)= U £P(W), 
wr>K 

where the union is taken over all conic neighborhoods of I\ and is endowed with the inductive limit topology. 
It hence follows from Statement 1 in Theorem [T] that a functional u G £'£{R k ) is carried by K if and only 
if u has a continuous extension to the space £j)(W) for every conic neighborhood W of AT. Statement 3 
in Theorem [T| implies that the intersection of an arbitrary family {AT w } we o of carrier cones of a functional 
u G is again a carrier cone of u. Indeed, let W be a conic neighborhood of K = H^en A'^. Then 

by standard compactness arguments (cf. the proof of statement A in Lemma [9] below), there exists a finite 

1 By definition, the projection Pr W of a cone W C is the image of W \ {0} under the canonical map from R* 3 \ {0} to 

the sphere Sfc_i = (R fe \ {0})/R+; the projection of W is assumed to be open in the topology of this sphere. We note that 

the degenerate cone {0} is a cone with an open (empty) projection. 
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family wi,..., u> n 6 U such that K = Hj=i C W. By Statement 3 in Theorem [Q K is a carrier cone of 
u, and u therefore has a continuous extension to £^(W). Hence, K is a carrier cone of u. In particular, each 
functional u £ £'£(R k ) has a uniquely defined minimal carrier cone, the intersection of all carrier cones of u. 

The proof of Theorem [2 essentially relies on using Hormander’s L 2 estimates for the solutions of the 
inhomogeneous Cauchy-Riemann equation'll Bjip = rjj, j = 1, ..., k. These estimates ensure the existence 
of a solution ip that is square-integrable with respect to the weight function e -p /(l + \z\) 2 3 if the rjj are 
square-integrable with respect to the weight function e~ p and p is a plurisubharmonic function on C fc . To 
illustrate how this result applies in our case, we briefly outline the proof of statement 1 in the theorem. 

Let x( z ) be a smooth function on C fe vanishing for large \z\ and equal to unity in a neighborhood of 
the origin. For / £ £P(U), we construct an approximating sequence by setting f n (z) = f(z)x(z/n) — ip n (z), 
where the terms ip n are introduced to ensure the analyticity of /„. This latter condition means that ip n 
satisfy the equations djip n (z) = n~ x f(z)(8jx)(z/n). Hence, we can use the L 2 estimates to prove that the 
ip n can be chosen sufficiently small that f n £ £^(S. k ) and /„ —> / in £P(U). But this strategy implies using 
L 2 -type norms, while £^{U ) are defined by supremum norms. We resolve this problem in Sec. [2l where we 
derive an equivalent representation for (U) in terms of Hilbert spaces. Another complication is that the 
weight functions e~ pu ’ A ’ B in Definition [ 2 ] are not appropriate for L 2 estimates, because the functions pu,A,B 
are not plurisubharmonic. In Sec. O we overcome this difficulty by constructing suitable plurisubharmonic 
approximations for pu,A,B■ We prove Theorem [I] in Sec. [2 

2. Hilbert space representation for 

Let A, B > 0 and U be a cone in We let denote the Hilbert space of all entire functions 

on C k having the finite norm 


I U,A,B 


l/(*)l 


2 „-2pu,a,b(z) 


dA(^) 


1/2 


( 2 ) 


where dA is the Lebesgue measure on C fc and pu,A,B is given by Cl). We let ’4 (U) denote the space 
p| a’>a b’>b (U) endowed with the topology defined by the norms || • \\u,A’,B'- 

Lemma 1. Let A, B > 0, U be a cone in R fc , and a and (3 satisfy the conditions in Definition Q] Then 
%’2(U) is a nuclear Frechet space coinciding with n.4'>A b’>b ^aA’ (^) both as a set and topologically. 

Proof. The space £^ (U) belongs to the class of the spaces Tt{M) introduced in pjQ. The spaces Tt(M) 
and TLp(M) for p > 1 are definecH by a family M = (Af 7 } 7g r of strictly positive continuous functions on 
C k and consist of all entire analytic functions on C fc having the respective finite norms 


sup M 1 (z)\f(z)\, 
zec k 


(M y (z)r\f(z)rd\(z) 


1 1 /p 


We suppose that (a) for any 71,72 £ T, we can find 7 £ T and C > 0 such that M 1 > C(M 71 + M 12 ) and 
(b) there exists a countable set T' C T such that for every 7 £ T, we can find 7 ' £ T' and C > 0 such 
that CM 1 < My. Let T = {(A',B') : A! > A, B' > B} and Ma',b'{z ) = e~ Pu ’ A ' Then all the above 
conditions are satisfied, and we have Ti{M) = £^'^(U) and TL 2 {M) = f] A , n , (1J). By Lemma 12 
in [TI], TL{M) is a nuclear Frechet space coinciding with H P (M) for any p > 1 if the following conditions 
are satisfied: 


2 IIere and hereafter, we use the short notation dj for d/dzj. 

3 The definition of Ti{M) and W P (M) given here is slightly less general than that in [11 but suffices for our purposes. 
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(I) For any 7 G T, there exists 7 ' € F such that M 7 (z)/My(z) is integrable on C fc and tends to zero as 
\z\ —> 00 . 

(II) For any 7 £ T, there exist 7 ' G T, a neighborhood of the origin B in <C fc , and C > 0 such that 
Mry{z) < CMy(z + £) for any z £ C k and £ G B. 

In the considered case, the satisfaction of conditions (I) and (II) respectively follows from Lemmas [2] and [3] 
below. The lemma is proved. 


Lemma 2 . Let U be a cone in R fc and a and [3 satisfy the conditions in Definition [IJ For any A' > A > 0 
and B' > B > 0, <j,t > 0 can be found such that 

Pu,A',B'(z) ~ Pu,a,b(z)+ c > a\z\ T , z G C fc , (3) 

where C is a constant and pu,A,B is given by CD- 


Proof. Without loss of generality, we assume that (3(0) = 0. Let x satisfy the conditions in Definition!]] 
So > 0 be such that a(so) > 0, (3(s 0 ) > 0, and the function y(s) = a(s)/s x be nondecreasing for s > Sq. 
For |a;| > A’ sq, we have 


a 







fJ>(so)\x\ x . 


Because (3(0) = 0, the convexity of (3 implies that (3(s) < t(3(s/t) for any s > 0 and 0 < t < 1. It hence 
follows that (3(s)/s is a nondecreasing function. We therefore have 

(3(B’\y\) - (3(B\y\) > (. B' - B)^^\y\ > (. B ' - B)^\y\ 

for \y\ > sq/B'. Setting r = min(l, x) and summing the estimates for a and (3, we find that inequality Q 
with C = 0 holds for large |^:| if a is sufficiently small. Because all considered functions are continuous, 
adding a sufficiently large positive constant to the left-hand side ensures that the required bound holds for 
all 2 G C fc . The lemma is proved. 


Lemma 3. Let R > 0, U be a cone in R fc , a and (3 be nondecreasing functions on [0, 00 ), and pu,A,B 
he given by Q. For any A! > A > 0 and B' > B > 0, there exists a constant C such that 

Pu,a,b(z + C) < Pu,A’,B’(z) +C, z,C G C fc , |C|<i?- 


Proof. Without loss of generality, we can assume that a and (3 are nonnegative. It then follows from 
the monotonicity of a and (3 that a((s + R)/A’) < a(s/A ) + a(R/(A' — 2 l)) and (3(B(s + R)) < (3(B's) + 
(3(RBB'/(B' — B )). Let z = x + iy and £ = £ + irj be such that |£| < R. Because 5jj(x + £) < Sjj(x) + |£|, 
we have 


a \ — } < a 


\x + £| + R 
A' 


< a 


■£l 


A 


R 


A! — A 


(3(B\y + 7?|) + (3(B5 v (x + £)) < (3(B'\y\) + (3(B'8 u (x )) + 2(3 


RBB' 
B' — B 


Summing these inequalities yields the required estimate. 
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Corollary 1. If f G £^(U), then /(• + f) G £^{U) for any ( G <C fc . 

We recall that dual Frechet-Schwartz (DFS) spaces are by definition the inductive limits of sequences 
of locally convex spaces with injective compact linking maps (see DU)- 

Lemma 4. Let U be a cone in and a and (3 satisfy the conditions in Definition QJ Then £%(U) is a 
nuclear DFS space coinciding (both as a set and topologically) with the space 

U <a(W), 

a,b>o,wdu 

where W ranges all conic neighborhoods of U and the union is endowed with the inductive limit topology. 


Proof. Let A' > A > 0 and B' > B > 0, and let W D W' be conic, neighborhoods of U. Then we have 


continuous inclusion maps £^ J J l (W) 


-> Bi’yiW) -> £^a'{W). We therefore have 

£fUU) = (J SffiW). 

a,b>o,wdu 


(4) 


Because countable inductive limits of nuclear spaces are nuclear (see, e.g., the corollary to Theorem III.7.4 
in P3|), the nuclearity of (U) follows from LemmaHJ Because all continuous maps from nuclear spaces to 
Banach spaces are nuclear (Theorem III.7.2 in [L3]), the inclusion map £^(W) —> £„ % W) nuclear as a 
composition of a nuclear map and a continuous map. It hence follows that £@(11) is a DFS space because nu¬ 
clear maps are compact (Corollary 1 to Theorem III.7.1 in [H])- By Lemma[H we have continuous inclusions 
h ^’,a( w ) £&!a( w ) -»■ H a,A'( w ')- In view of 0’ this implies that £^{U) = Ua,b>o, wdu H a.A ( w )- 

The lemma is proved. 


3. Plurisubharmonic approximations 


We recall that the norm | - | is assumed to be uniform. 

Theorem 2. Let A, B > 0, U be a nonempty cone in a be a continuous nondecreasing function on 
[0, oo), and (3 be a continuous convex nondecreasing function on [0, oo). If there exists an entire function ip 
on C which is not identically zero and satisfies the bound 

\<p(z)\ < e P{\ B °y\)-<*(\*/Ao\)^ z = x + iy & C, (5) 

for some Aq , Bq > o, then for any R > o, there exists a plurisubharmonic function pn on C k such that 

Pr(z ) < Ps.k,A>,B'(z) + (3(2BeR), z = x + iy G C fc , 

Pr(z) < pu,A',B'(z), z G C fc , (6) 

Pr{z) > pu,a,b(z) - H, |x| <R, 

where pu.A.B is given by 0, H is a constant independent of R, A! = 2 A, and B' = (2efc+ 1)B3LAqBq/A. 
If a is concave, then we can set A' = A. 


Corollary 2. Under the conditions of Theorem [21 there exists a plurisubharmonic function p such that 

Pu,a,b(z ) - H < p(z) < pu,A',B'(z), z G C k , 

where pu,A,B is given by 0 , H is a constant, A' = 2 A, and B' = (2 ek + 1 )B + 4kAoBo/A. If a is concave, 
then we can set A' = A. 
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Proof. Let pn satisfy the conditions in Theorem [2j Then the function p(z) = lim z /^ z sup fl>0 Pr(z') 
is plurisubharmonic (Sec. II.10.3 in [14]) and satisfies the required estimate. 

To prove Theorem [2[ we need two lemmas. 

Lemma 5. Let a and f3 be continuous nondecreasing functions on [0, oo), and let there exist an entire 
analytic function ip on C that is not identically zero and satisfies the bound 

\tp{z)\ < z = x + iy£C. (7) 

Then there exist a plurisubharmonic function p on C k and a constant H such that 

- a(2\x\)-k(3{A\y\) - H < p{z) <kfi{A\y\) - a(\x\), z = x + iy£ C k . (8) 

If a is concave, then there exist a plurisubharmonic function p on C k and a constant H such that 

-a(\x\)-k(3(2\y\)-H<p(z)<k/3(2\y\)-a(\x\), z = x + iy£<C k . (9) 

Proof. Without loss of generality, we can assume that a(0) = /3(0) = 0 and y>(0) ^ 0 (if ip has a zero of 
order n at 2 = 0, then we can replace ip with <p(z) = Cip(z)/z n ; the function <p satisfies 0 for sufficiently 
small C). We set 

p{z)= sup {$(2 - C) +M(C)}, 

ceCfc (10) 

M {0 = , inf , ^ 0+ k(3(4\y'\) - a{\x'\)}, 

where $(z) = log \<p(2zj)\. We obviously have p(z) < k/3(A\y\) — a(|x|). Because $ is plurisub¬ 

harmonic, p(z) = lim Z f^ z p(z) is also a plurisubharmonic function (see Sec. 11.10.3 in [T4|). In view 
of the continuity of a and f3, we have p{z) < p(z) < k/3(4\y\) — ck(| m|), and it remains to show that 
p(z) > —a(2|x|) — k(3{A\y\) — H. It follows from 0 that 

-®(z' - z) > a(2|x' - x|) - k(3(2\y' - y\), ( = £ + ir], 

and setting H = —$(0) = —fclog |y>(0)|, we obtain 

p(z) >—H + M(z) > inf {k(3(A\y'\) — kj3(2\y'— y\) + a{2\x — x\) — a{\x'\)} — H. ( 11 ) 

Because both a and (3 are nonnegative and monotonic, we have 

P( 2 \y'\) -0(\y' -y\) > -P( 2 \y\), a{2\x'-x\)-a{\x'\)>-a(2\x\). ( 12 ) 

Substituting these inequalities in ED, we obtain the required lower estimate for p. Thus, (0 is proved. 

Now let a be concave. We replace (3(A\y'\) with (3{2\y'\) in definition (flOll of M(£) and modify $(.z) 
by setting <I>(z) = X]j=i log |<p(zj)l- Defining p and p as above, we obtain p(z) < p(z) < k/3(2\y\) — a(|x|). 
Proceeding as above, we obtain the estimate 

p(z)> inf {kf3{2\y'\) — k(3(\y' — y\) + a(\x' — x\) — a(|x , |)} — H. (13) 

x',y'e R fc 

Because a is concave and a(0) = 0, we have a(s + t)< a(s) + a(t) for any s, t > 0. It hence follows that 

a(\x + x'\) < a(\x\) + a(|a/|) 

for any x,x' £ M. k . Changing x' — ► x' — x, we obtain a(\x' — x|) — adx'l) > — a(|x|). Substituting this 
estimate and the first of inequalities ( 1121 ) in (fT3l) yields p{z) > —a(|x|) — k/3(2\y\) — H, which completes the 
proof of 0 . 


Lemma 6. Let U be a cone in For any R > 0, there exists a plurisubliarmonic function ur on C k 
such that 


<Jr(z) < k\y\ + R, z = x + iy£C k , 

(14) 

ctr(z) < k\y\ + Su(x), z£C k , 

(15) 

ctr(z) > S v , \x\ < R, 

(16) 


where Sjj(x) = inf x i e jj \x — x'\ is the distance from x to U. 


Proof. For any a > 0, we define the subharmonic function 0 a on C: 

sin(x/a) 


0 a (z) = a log 


z/a 


This function satisfies the inequalities 


® a {iy) > 0 , yG . 


Q a {z) < \y\ - alog + ( — ) , z = x + iy G C, 


(17) 

(18) 


where log + (r) = max(logr, 0). Indeed, because 

e„(« = a log (=^)) , 

estimate (flTl) follows from the inequality sinh y/y > 1, y £ R. Further, it follows from the inequalities 


I sin z I < e 


\y\ 


sin: 


< e z = x + iy £ C, 


that 


sin(z/a) 


z/c 


< min(l, a/\x\). 


Passing to the logarithms, we obtain (fl8l) . We now set 


a R (z)= sup {$a(^-£) +M a (^)}, 

a>0,{Gffi fc , |£|<R 

= inf A-^aiz'~(,) + k\y'\+5 u (x , )} } 

z'=x'+iy'eC k 

where <h a ( 2 i) = 5Dj=i ®a(zj). We obviously have cfr(z) < k\y\ +6jj(x). By inequality (1181) . $ a (z — £) < k\y\ 
and therefore cfr{z) < k\y\ + sup a>0> |£| <fl M a (£). Because <I> a (0) = 0, it follows from the definition of 
M a that M 0 (£) < Su{0- Hence, d R (z) < k\y\ + R. Because <I> Q are plurisubliarmonic functions, <tr(z) = 
lim z /^ 2 S-r(z) is also a plurisubliarmonic function, and it follows from the continuity of 5u{x ) and \y\ that 
<7r satisfies d and (flhl) . Estimate 113 implies that 4 > a (ij/) > 0, y £ M fc . Therefore, 


&r(z) > sup ($ a (iy) + M a { x)) > sup M a (x), |x| < R. 

a>0 a>0 


( 19 ) 
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Using the elementary inequalities J2 j=i log + \ x j\ > l°g + (|rc|) and yb =1 \Vj\ < k\y\i we obtain 

M a (x)> inf |alog + (—^ + 5u(x + a/)! (20) 

i'ei‘ ( \ a ) J 

from estimate (fTS]) . Estimating Su(x + x') from below by max(5[/(a:) — la;'|, 0) and calculating the infimum 
with respect to x', we obtain M a {x) > a log + (8u(x)/a ). Let Su(x) > 0 and ao = 5u(x)/e. In view of (flitl) . 
we find that 

a R {z) > M ao (x) > Su(x)/e, |x| < R. (21) 

If Sjj{x) = 0 and \x\ < R, then the estimate cr R {z) > Sjj(x)/e also holds because in view of (fl9l) and (l20l) . 
we have cf r (z) > 0. Hence, dTTTll follows because cr R > d R . The lemma is proved. 

Proof of Theorem \2[ Without loss of generality, we assume that /3(0) = 0. We set p' R (z) = 
f3(Bea R (z)), where a R is a plurisubharmonic function satisfying the conditions in Lemma [6l Because a 
composition of a nondecreasing convex function with a plurisubharmonic function is plurisubharmonic (The¬ 
orem 4.1.13 and Sec. 4.1 in [Hj), p' R is a plurisubharmonic function. Because (3 is monotonic, inequalities 
m-m imply the estimates 

p' R (z) < (3(2Bek\y\) + (3(2BeR ), z = x + iy G C fc , 

p' R (z) < (3(2Bek\y\) + (3(2BeSu(x)), z G C fe , (22) 

P R {z) > (3{Su(Bx )), |x| < R. 

By Lemma [U there exist a plurisubharmonic function p" and a constant H such that 

- a(\x/A\) - kf3(D\y\) — H < p"(z) < k(3(D\y\) - a(\x/A!\), (23) 

where A' = 2A and D = 2AqBq/A (A 1 = A if a is concave). We set p R (z) = p' R (z) + p"{z) + k(3(D\y\) + 
(3(\By\). The function p R is plurisubharmonic because (3(D\y\) and f3(\By\) are convex and are therefore 
plurisubharmonic functions. Estimates ([6]) with B' = 2kD + (2 ek + 1 )B easily follow from (l22l) . (l23l) . and 
the inequality 

2k(3(D\y\) + (3(B\y\) + (3(2Bek\y\) < (3(B'\y\), 
which follows from the convexity of (3 and the condition /?(0) = 0. 

4. Proof of Theorem 2] 

As above, we let dA denote the Lebesgue measure on C k . The proof of Theorem |T] is based on the 
following statement, which is a particular case of Theorem 4.2.6 in Ell- 

Lemma 7. Let p be a plurisubharmonic function on C fc and r]j , j = 1,..., k, be locally square-integrable 
functions on C k . If 

J \Vj{z:)\ 2 e~ p ^ d\(z) < oo 

for all j and pj (as generalized functions) satisfy the compatibility conditions djpi = Bipj, then the inho¬ 
mogeneous Cauchy Riemann equations Bjijj = Pj have a locally square-integrable solution satisfying the 
estimat\ 0 

/c 

2 / \^(z)\ 2 e- p ^(l + \z\ 2 )~ 2 dX{z)<k 2 Y j j \p 3 (z)\ 2 e~ p{z) &\(z). 

J 3=1 J 

4 The estimate in Lemma \7 \ differs from the estimate in m by the factor k 2 in the right-hand side, which appears because 
we use the uniform norm instead of the Euclidean norm used in EH- 
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Let p be a measurable locally bounded function on C fc . We let L 2 (C fc , e _p dA) denote the Hilbert space 
of functions square-integrable with respect to the measure e _p dA and H p denote the closed subspace of 
L 2 (C fc , e _p dA) consisting of entire analytic functions. 

Lemma 8 . Let po, p, and p' be measurable locally bounded functions on C fe such that po < p' and 
p < p'. If there exists a plurisuhharmonic function pr for any R> 0 such that 

Pfl( 2 ) + 21og(l + |z| 2 ) <p'{z), z G C fc , (24) 

Pr(z) + 21og(l + \z\ 2 ) < p 0 (z) + C R , zeC k , (25) 

Pr(z) > p(z), \z\ < R, (26) 

where Cr is a constant, then 11 (l is contained in the closure of H po in Hy. 

Proof. Let / G H p and x be a smooth function on C k such that 0 < X < 1 , x(z) = 1 for |z| < 1 , 
and x( z ) = 0 for \z\ > 2 . We set g n (z ) = f{z)x{z/n). Because Bjg n (z) = n _1 f(z)(djx)(z/n) vanishes for 
\z\ > 2 n, it follows from (l26l) that 

I \d jgn (z)\ 2 e~^ d\(z) < I \B j9n (z)\ 2 e- p ^ d\(z) < ±\\f\\% j = 1 , 2 ,...,*, 

where || • || p is the norm in L 2 (C fc ,e _p dA) and a = sup.j \Bjx(z)\ 2 . By Lemma [3 there exists a locally 
square-integrable function ijj n on C fc such that Byijj n = Bjg n and 

/ |V>„| 2 e- p -W(l + |^| 2 )- 2 dA^)<^||/|| 2 . (27) 

In view of (l25l) . this implies that HV’nllpo < 00 • Further, we have Bj(g n — ip n ) =0, and g n — ip n therefore 
coincides almost everywhere with an entire analytic function f n . Because g n is a function with compact 
support, we have ||g n || Po < oo and hence /„ G H po . Because p < p' , we have 

\\f-gn\\ 2 p ,< f \f(z)\ 2 e-^dX(z). 

J |.z|>n 


Hence, g n —> / in L 2 (C k ,e p dA). By (l24l) and (l27l) . we have ||V’n || p ' < ^ 3 a ll/ll P /(2^ 2 )- Therefore, /„ —► f 
in Hy , and the lemma is proved. 

Lemma [ 8 ] was proved differently in |7j under the additional assumption that the pr are smooth. The 
simple proof given above is closer to the line of reasoning sketched in Sec. 5 in | 6 |. 

We note that the spaces H^y(U) considered in Sec. [2] coincide with H p for p = 2 pu,A,B- 

Proof of Theorem [l]. 

1. Let / G £^(U). By Lemma (H there exist A, B > 0 and a conic neighborhood W of U such that 
/ G In view of CorollarylU the nontriviality of £@ (M fe ) implies the existence of Aq,Bq > 0, and 

/o G such that / o (0) ^ 0 and ||/o||k*,a 0 ,b 0 < !• Then the entire function ip(z) = f 0 (z, 0, ...,0) 

on C is not identically zero and satisfies J5]). It follows from Lemma [2] and Theorem [2] that the functions 
p = 2 pw,A,B — H, po = 2pR>=,A',B') an d p' = 2pw,A\B 1 satisfy the conditions in Lemma [8] if A' > 2 A, 
B' > (2 ek + 1 )B + ARA^Bq/A, and the constant H is sufficiently large. By Lemma 0 there exists a 
sequence /„ G (R fe ) tending to / in (IF). By Lemma U the Hilbert topology of H^a'^W) is 

stronger than the topology induced from £^{U). Hence, /„ —> / in £%(U). 


2. Let l: £& (AVUA' 2 ) —> (A'i)ffi£f (I< 2 ) and to: £^(Ki)®£^(K 2 ) —> (A'inA' 2 ) be the continuous 
linear maps respectively taking / to (/, /) and (fi, f 2 ) to fi~ f 2 - The map Z has a closed image because we 
have (K\) C\£P(K 2 ) = £f(AA U I\ 2 ) by Definition [21 and therefore ImZ = Kerin. In view of Lemma [H 
this implies that the space ImZ is a DFS spaced Let u G £'£(K k ) be a functional carried by K\ UA ' 2 and u 
be its continuous extension to £(){K\ U A' 2 ). The linear functional ul _1 is continuous on ImZ by the open 
map theorem (see Theorem IV. 8 .3 in [13]; it is applicable because DFS spaces as strong duals of reflexive 
Frechet spaces are B-complete (123); by the Hahn-Banach theorem, there exists a continuous extension v 
of this functional to the entire space £„{K 1 ) © £^(K 2 ). Let v\ and v 2 be the respective restrictions of v to 
£%{Ki) and £^(K 2 ). Then for any / G £%(K 1 U K 2 ), we have u(f) = v(f, f) = v \(/) +v 2 (/). This means 
that u = ui +u 2 , where ui )2 are the restrictions of m i2 to £% (K fe ). By construction, ui >2 are carried by the 
cones K\ 2 - 

3. Let Z and to be as defined above, u G be a functional carried by both K[ and K 2 , and 

rti , 2 be its continuous extensions to £'J*(Ki t2 ). If the map to is surjective, then the open map theorem 
implies that £@{K\ ( 1 A' 2 ) is topologically isomorphic to the quotient space (£f (A'i) © £^(Af 2 ))/Ker to. We 
define the continuous linear functional v on £^{K\) © £P(K 2 ) by the relation n(/i,/ 2 ) = «i(/i) — u 2 (f 2 ). 
By statement 1 in the theorem, u\ and u 2 coincide on £^{K\ U A' 2 ), and therefore Kern D ImZ. Because 
KerTO = ImZ, this inclusion implies the existence of a functional u G £'J*(Ki fl I\ 2 ) such that v = um. If 
/i ,2 G £P(Ki >2 ), then we have u(fi) = n(/i,0) = mi(/i) and u(f 2 ) = v(0,-f 2 ) = u 2 (f 2 ). Hence, u is a 
continuous extension of u to £&{K\C\K 2 ). Proving statement 3 thus reduces to proving that to is surjective. 
The latter is implied by the following result on the decomposition of test functions. 

Theorem 3. Let £^(S. k ) be nontrivial, K\ and K 2 he closed cones in and f G £^(Ki n AT 2 ). Then 
there exist /i , 2 G £&(Ki, 2 ) such that f = f\ + f 2 . 

In the next lemma, we summarize some simple facts about cones in R fc needed for proving Theorem [31 

Lemma 9. Let K\ and !(■> be closed cones in R k . 

A. For any conic neighborhood W of K\ H K 2 , there exist conic neighborhoods Vi }2 of A' 1,2 such that 
Vi fl V 2 C W (the bar means closure). 

B. If K\ fl K 2 = {0}, then there exists d > 0 such that 5 k i(^) > 0\x\ for any x G K 2 . 

Proof. A. We let C denote the set of all cones in containing the origin. By assumption, A'i, K 2 , 
and W belong to C. It is easy to see that the map U —> PrZ7 is a bijection between C and the set of all 
subsets of the sphere §fc_i = (K fc \ {0})/K+. Let Q denote its inverse map. It can be easily verified that 
both Pr and Q preserve closures, unions, and intersections. Hence, the Pr A'i j2 are closed, and we have 
PrA'i nPrA ' 2 C Pr W. Because §k-i is compact, there exist open neighborhoods Oi j2 of PrATi j2 in §fc_i 
such that Oin0 2 C Pr W. We set V\, 2 = Q(Oi, 2 ). Then Vi fl V 2 = Q(Oi H 0 2 ) C <2(Pr W) = W. 

B. Let K 2 7 ^ {0} (if K 2 = {0}, then the statement holds for any 6 > 0). We set F = {x G : x G 
K 2 and \x\ = 1} and 6 = mi xe p 5 k x (as). Because F is compact and Ffl A'i = 0, we have 9 > 0. It remains 
to note that 5ki{x) = \x\8ki( x /\ x \) > d\x\ for any nonzero x G K 2 . 

Lemma 10. Let A, B > 0, and let 1J\ , U 2 , and U be cones in such that Ui fl C7 2 = {0}. If £@(S. k ) 
is nontrivial, then for any f G there exist A!,B' > 0 and /i i2 G AZf '^, (U U Z7i i2 ) such that 

/ = /i + / 2 . 

5 We recall that the direct sum of a finite family of DFS spaces and a closed subspace of a DFS space are again DFS spaces 
(see Il2j). 
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Proof. There exist conic neighborhoods Pi .2 of U\ y2 and measurable cones W\ y2 such that 

W\ U W 2 = R fc , IP n W 2 = {0}, V v r\W v = { 0}, u = l,2. (28) 

Indeed, applying statement A in Lemma [9] to the closed cones U\ and L /2 @ we find conic neighborhoods 
Pl, 2 of Ui ,2 such that Pi fl V 2 = {0}. Applying statement A in Lemma [9] to V ly2 again, we see that there 
exists a conic neighborhood W 2 of Pi such that P 2 D W 2 = {0}. We set W\ = \ I'p) U {0}. Then the 

first two relations in (l28l) obviously hold, and we have Pi fl W\ = Pi fl W\ = {0} because W\ is closed. 

Let go be a nonnegative smooth function on such that go(x) = 0 for |x| > 1 and 



g 0 (x)dx = 1 . 


We define smooth functions g± and g 2 on C k by the relations 

g„(x + iy)= / go(x-€)d£, x,y£R k , v = 1,2. 

By HMD, wo have 31 + <72 = 1. Applying statement B in Lemma[9]to the closed cones t7„ and (R fc \ V v ) U {0}, 
we conclude that there exists 8 £ (0,1) such that 8u„{x) > 8\x\ for x ^ P„, v = 1,2. Because 8jj{x) < \x\ 
for any x £ R fc , we have 


8u{8x) < min(5j7(x),0|x|) < min^^x), S Uu (x)) = 5uuu„{x), x ^ V v . (29) 

Let W v = {x £ : <W„(x) < 1}, v = 1,2. It follows from (l28l) and statement B in Lemma [9] that there 

exists 8' > 0 such that 5w„{x) > 8'\x\ for x G V v , v = 1,2. Hence, <W„(x) > 1 for all x G V v such that 
|x| > 1/0', i.e., the sets V v fl W v are bounded in R fc . In view of (l29l) . this implies that 

5u{x) < 8uuu„ ( + C, x £ W v , v = 1,2, (30) 

where C is a constant. It hence follows that 

8u(x) < 8 [/uu 1 uu 2 + C> x G IPi n W 2 . (31) 

Lot /i : 2 = fgi, 2 - Because / is analytic, we have d 3 f\ = fdjg 1 , j = 1 ,... ,k. By the definition of g u , we 
have supply C W v , v = 1, 2. Because 31+32 = 1, this implies supp<9j3i C IPl fl W 2 , and in view of (f2]l . 
(l30l) . and (EH), we obtain 


\\M 


UUU V ,A,B 


<C\\f\\' UyAyB , Pl/illc 


UUUiUU 2 ,A,B 


< C\\f\\u,A,Bi v — 1)2, 


(32) 


where j = 1 ,...,k, B = B/8 , and C is a positive constant. As shown in the proof of statement 1 in 
Theorem [U the nontriviality of £@ (R fc ) implies the existence of an entire function <p on C satisfying (0. By 
Lemma [2] and Corollary [21 there exist A' > A, B' > B, and a plurisubharmonic function p such that 


Puuu^u^aM^ ~ H ^ P( z ) ^ Puuihuu 2 ,A>,B>{z) - log(l + \z\ 2 ), z G C fe , (33) 

6 We note that the degenerate cone {0} is a conic neighborhood of itself. 
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where H is a constant. It follows from (l32l) and dTTTTli that 

J \djfi(z)\ 2 e~ 2p ^ dA(z) < oo. 

By Lemma 0 the inhomogeneous Cauchy-Riemann equations Bjif = dj fi have a locally square-integrable 
solution such that 

[ \*P(z)\ 2 e- 2p W(l + \z\ 2 )~ 2 dA (z) < oo. (34) 

We have Bj(fi — tf>) = Bj(f 2 + 4>) =0; therefore, there exist entire analytic functions /i and /2 that 
respectively coincide almost everywhere with /i — if) and /2 + ')/’• It follows from the second inequality 
in (l33l) and condition dMl) that ||' ! /’H{7uf7iUt/ 2 A' B' < °°- I n v i ew of (l32ll . it follows that /„ £ (U U [/„), 

v = 1,2. To complete the proof, it remains to note that / = /i +/2 because continuous functions coinciding 
almost everywhere are equal. 

Proof of Theorem [3J By Lemma 0 there exist A, B > 0 and a conic neighborhood W of K\ fl K 2 
such that / £ By statement A in Lemma El we can find conic neighborhoods Vi ,2 of Ad ,2 

such that I) fl F 2 C W. Because W has an open projection, the cone V = (R fc \ W) U {0} is closed. 
Applying Lemma flOl to the closed cones U \ } 2 = Id, 2 D V (obviously, L/i D L /2 = {0}), we find A', B' > 0 and 
/i ,2 £ (W U 1 / 1 , 2 ) such that f = fi + / 2 - Because W U C/ 1,2 A Id, 2 , it follows from Lemma 0 that 

/i ,2 £ (Ki. 2 )- This completes the proof of Theorem [3] and statement 3 in Theorem 0 
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